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Abstract
In this paper we present some new matching theorems with open cover and closed cover by using
the generalized R-KKM theorems [L. Deng, X. Xia, Generalized R-KKM theorem in topological
space and their applications, J. Math. Anal. Appl. 285 (2003) 679–690] in the topological spaces
with property (H). As applications, some coincidence theorems are established in topological spaces.
Our results extend and generalize some known results.
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1. Introduction
It is well known that the famous KKM theorem and its generalizations are of funda-
mental importance in modern nonlinear analysis. Recently, many authors extended KKM
mapping and established corresponding KKM theorems and matching theorems in several
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J. Huang / J. Math. Anal. Appl. 312 (2005) 374–382 375kinds of spaces. In 1987, Horvath [5] used contractive topology concept to replace the
usual convexity assumptions and obtained the generalized R-KKM theorem in H -space.
Motivated by the work of Horvath, more extensive KKM mapping was introduced under
the condition without usual convex structure and corresponding KKM theorems and some
related results were established in the spaces without linear structure (see, for example,
[1,2,5,8–10]).
Let X be nonempty set. Throughout this paper, we assume that 〈X〉 denotes the all
nonempty finite subsets of X, ∆n denotes the standard n-simplex (e0, . . . , en) in Rn+1,
∆k denotes k-sub-simplex of ∆n with vectors (ei0 , . . . , eik ) (0 k  n), C(X,Y ) denotes
all continuous mappings from X into Y .
A space Y is called to be topological space with property (H) if, for each N =
{y0, . . . , yn} ∈ 〈Y 〉, there exists a continuous mapping ϕN :∆n → Y . Throughout this pa-
per, ϕN denotes a continuous mapping in touch with N .
It is easy to see that linear topological space, convex space [8] and H -space [4] have
property (H).
In this paper we present some new matching theorems with open cover and closed cover
by using the generalized R-KKM theorems [2] in the topological space with property (H).
As applications, some coincidence theorems are established in topological spaces. The
results presented in this paper extend and generalize some known results of Bardaro [1],
Deng and Xia [2], Ding [4], Park [8], Ko and Tan [7].
2. Preliminaries
Definition 2.1 [2]. Let X = φ be a set and Y be a topological space with property (H).
T :X → 2Y is said to be a generalized R-KKM mapping if, for each {x0, . . . , xn} ∈ 〈X〉,
there exists N = {y0, . . . , yn} ∈ 〈Y 〉 such that ϕN(∆k)⊂⋃kj=0 T (xij ) for all {i0, . . . , ik} ⊂{0, . . . , n}.
Definition 2.2. Let X be a topological space with property (H) and D,C,K be subsets
of X. We say that
(1) D is R-convex (respectively weak R-convex) subset respect to C if, ϕN(∆n) ⊂ D
(respectively ϕN(∆n) ∩ D = φ) for any N = {x0, . . . , xn} ∈ 〈C〉. When C = D, D is
said to be R-convex (respectively weak R-convex).
(2) K is R-compact subset if, for each N ∈ 〈X〉 there exists a compact weak R-convex
subset D ⊂ X such that K ∪ N ⊂ D.
If X is a Hausdorff linear topological space, then any convex subset of X is an R-convex
subset and any compact convex subset K is an R-compact subset.
Definition 2.3. A subset A of topological space X is said to be compactly open (respec-
tively compactly closed) if, for any nonempty compact subset K of X, A ∩ K is open
(respectively closed) in K .
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ccl(A) =
⋂
{B ⊂ X; A ⊂ B and B is compactly closed subset in X}
and
cint(A) =
⋃
{B ⊂ X; B ⊂ A and B is compactly open subset in X},
respectively.
Definition 2.4 [2,9]. Let X and Y be two topological spaces. A mapping T :X → 2Y is
called to be transfer compactly closed values on X if, for x ∈ X and any compact subset
K of Y , y ∈¯T (x)∩K implies that there exists a point x¯ ∈ X such that y∈¯ clK(T (x¯)∩K),
where clK(T (x¯) ∩ K) denotes the closure of T (x¯) ∩ K in K .
A mapping T :X → 2Y is said to be transfer compactly open values if, the mapping
S :x → Y \ T (x) is transfer compactly closed values on X.
Clearly, if T :X → 2Y is a compactly closed (respectively open) values mapping then
T is transfer compactly (respectively open) closed values.
Proposition 2.1. Let X,Y be two topological spaces, T :X → 2Y be a transfer compactly
closed values mapping and S ∈ C(X,Y ). Then the mapping G :X → 2X define by G(x) =
S−1T (x) is transfer compactly closed values.
Proof. Let K be compact subset of X and K∗ = S(K), Then K∗ is compact subset of Y .
If y ∈¯S−1T (x) ∩ K , then S(y) ∈¯T (x) ∩ K∗. Since T is compactly closed values, there
exists x¯ ∈ X such that S(y)∈¯ clK∗(T (x¯) ∩ K∗. Therefore, there exists a neighborhood V
of S(y) such that V ∩ T (x¯)∩K∗ = φ. Putting U = S−1V , then U is a neighborhood of y,
and U ∩ S−1T (x¯) ∩ K = φ, i.e., y∈¯ clK(S−1T (x¯) ∩ K). It implies that the mapping G is
transfer compactly closed values. This completes the proof. 
Proposition 2.2 [2]. Let X be a topological space, Y be a topological space with prop-
erty (H), T :X → 2Y be a generalized R-KKM mapping with transfer compactly closed
values. If for some A ∈ 〈X〉,⋂x∈A cclT (x) is compact, then⋂x∈X T (x) = φ.
3. Matching theorems with open cover
Theorem 3.1. Let X be a compact topological space with property (H), D be a nonempty
subset of X and Y be a topological space. Suppose that G :D → 2Y is a set-valued mapping
satisfying the following conditions:
(i) is transfer compactly open values on D;
(ii) G(D) = Y .
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{x00 , . . . , x0n} ∈ 〈X〉, there exist subset {i0, . . . , ik} ⊂ {0, . . . , n} and x¯ ∈ ϕN(∆k) such that
S(x¯) ∈
k⋂
j=0
G(xij ). (1)
Proof. Let F(x) = S−1(Y\G(x)). Suppose that the conclusion of Theorem 3.1 is not true.
Then F can be proved to be a generalized R-KKM mapping. In fact, for any finite subset
{x0, . . . , xn} ∈ 〈X〉, there exists N = {x00 , . . . , x0n} ∈ 〈X〉 such that S(x)∈¯
⋂k
j=0 G(xij ) for
all subsets {i0, . . . , ik} ⊂ {0, . . . , n} and for each x ∈ ϕN(∆k). This implies that
S
(
ϕN(∆k)
)⊂ Y\ k⋂
j=0
G(xij ) =
k⋃
j=0
(
Y\G(xij )
)
,
and so
ϕN(∆k) ⊂ S−1
(
k⋃
j=0
(
Y\G(xij )
))⊂ k⋃
j=0
F(xij ). (2)
This implies that F is a generalized R-KKM mapping.
It follows from Proposition 2.1 that F is transfer compactly open values. Since X is a
compact space, we know that cclF(x) is a compact subset of X for all x ∈ D. By Proposi-
tion 2.2, we have
⋂
x∈D F(x) = φ, i.e., Y \
⋃
x∈D G(x) = φ, which contradicts to condition
(ii). Therefore, the conclusion of Theorem 3.1 is true. This completes the proof. 
Remark 3.1. If the condition (i) of Theorem 3.1 is replaced by G is compactly open valued,
then the conclusion of Theorem 3.1 is still true.
Theorem 3.2. Let X be a topological space with property (H), D be a nonempty subset
of X and Y be a topological space. Suppose that G :D → 2Y is a set-valued mapping
satisfying the following conditions:
(i) ⋃x∈D cintG(x) = Y ;
(ii) there exist an R-compact subset L of X and a compact subset K of Y such that
Y \
⋃
x∈L∩D
cintG(x) ⊂ K.
Then for each S ∈ C(X,Y ), there exist N = {x0, . . . , xn} ∈ 〈D〉 and x¯ ∈ ϕN(∆n) such that
S(x¯) ∈
n⋂
i=0
G(xi). (3)
Proof. Since Y \⋃x∈L∩D cintG(x) is a closed subset of K and Y \⋃x∈L∪D cintG(x) ⊂
Y = ⋃ cintG(x), we know that there exists {y0, . . . , yn} ∈ 〈D〉 such that Y \x∈D
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x∈L∩D cintG(x) =
⋃n
i=0 G(yi). Setting D1 = (L ∩ D) ∪ {y0, . . . , yn}, we have that⋃
x∈D1 cintG(x) = Y .
Let X1 be a compact weak R-convex subset of X with D1 ⊂ X1. We consider the
compact topological space X1 and G|D1 :D1 → 2Y by (cintG)(x) = cintG(x) for all
x ∈ D1. From Remark 3.1, there exist N = {x0, . . . , xn} and x¯ ∈ ϕN(∆n) such that
S(x¯) ∈⋂ni=0 cintG(xi) ⊂⋂ni=0 G(xi). This completes the proof. 
Theorem 3.3. Let X be a topological space with property (H), D be a nonempty subset of
X and Y be a topological space. Suppose that F :D → 2Y is a set-valued mapping with
compactly closed values and S ∈ C(X,Y ) satisfies the following conditions:
(i) for each weak R-convex subset X′ of X with X′ ∩D = φ, F˜ :X′ ∩D → 2X′ defined by
F˜ (x) = S−1F(x) ∩ X′ is a generalized R-KKM mapping;
(ii) there exist R-compact subset L ⊂ X and compact subset K ⊂ Y such that⋂
x∈D∩X0 F(x) ∩ S(X0) ⊂ K for any compact weak R-convex subset X0 in X with
L ⊂ X0.
Then
⋂
x∈D cclF(x) ∩ K = φ.
Proof. For each A ∈ 〈D〉 if X0 is compact weak R-convex with L ∪ A ⊂ X0, then
by (ii), we have ⋂x∈D∩X0 F(x) ∩ S(X0) ⊂ K . Since F˜ :D ∩ X0 → 2X0 is a general-
ized R-KKM mapping and for x ∈ D ∩ X0, ccl F˜ (x) is a compact subset of X0. It fol-
lows from Proposition 2.2 that
⋂
x∈D∩X0 F˜ (x) = φ, i.e., S(
⋂
x∈D∩X0 F˜ (x)) = φ. Since⋂
x∈A(F (x) ∩ K) ⊃
⋂
x∈D∩X0(F (x) ∩ K) = S(
⋂
x∈D∩X0 F˜ (x)) ⊃
⋂
x∈D∩X0(F (x) ∩
S(X0)) ⊃ S(⋂x∈D∩X0 S−1F(x) ∩ X0), we have ⋂x∈A(F (x) ∩ K) = φ. It implies that{F(x) ∩ K; x ∈ D} has finite intersection property. This completes the proof. 
From Theorem 3.3, we immediately have
Corollary 3.1. Let X be a topological space with property (H). Suppose that F :X → 2X
is an R-KKM mapping (i.e., (ϕN(∆n) ⊂⋃ni=0 F(xi)) for each N = {x0, . . . , xn} ∈ 〈X〉)
satisfying the following conditions:
(i) F is transfer compactly closed values;
(ii) there exist an R-compact subset L ⊂ X and a compact subset K ⊂ Y such that⋂
x∈X0 F(x) ∩ X0 ⊂ K for any compact weak R-convex subset X0 of X with L ⊂ X0.
Then
⋂
x∈X cclF(x) = φ.
Remark 3.2. Theorems 3.1–3.3 extend some results of Park [8], Ko and Tan [7], Ding [4]
and Bardaro [1].
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Lemma 4.1. Let X = φ be a set and Y be a topological space with property (H). Sup-
pose that F :X → 2Y is compactly closed values and there exists finite subset A =
{x0, . . . , xn} ∈ 〈X〉 such that Y =⋃ni=0 F(xi). Then, for any N = {y0, . . . , yn} ∈ 〈Y 〉 there
exists subset {i0, . . . , ik} ⊂ {0, . . . , n} such that ϕN(∆k) ∩ (⋂kj=0 F(xij )) = φ.
Proof. Let J (u) = {j ; ϕN(u) ∈ F(xj )}. Since ϕN(∆n) ⊂ Y =⋃ni=0 F(xi), we know that
J (u) = φ for all u ∈ ∆n. Putting S(u) = ∆J(u), we have S(u) = φ for all u ∈ ∆n.
We now claim that S is upper semi-continuous from ∆n into itself. In fact, for each
open subset V of ∆n including S(u), setting U = ∆n \ ϕ−1N (
⋃
j ∈¯J (u) F (xj )), then U is a
open neighborhood of u. Since J (u′) ⊂ J (u) for all u′ ∈ U , we have S(u′) ⊂ S(u) ⊂ V . It
follows that S is a upper semi-continuous mapping. Using the Kakutani’s fixed point the-
orem for set-valued mapping [6], there exists u0 ∈ ∆n such that u0 ∈ S(u0) = ∆J(u0).
Letting z¯ = ϕN(u0), then z¯ ∈ ϕN(∆J(u0)). By the definition of J (u0), we have z¯ ∈
ϕN(∆J(t0)) ∩ (
⋂
j∈J (u0) F (xj )). This proof is completed. 
Lemma 4.2. Let X = φ be a set, Y be a topological space with property (H) and F :X →
2Y be a generalized R-KKM mapping with compactly open values. Then, {F(x); x ∈ X}
has finite intersection property.
Proof. We assume that there exists A = {x0, . . . , xn} ∈ 〈X〉 such that ⋂x∈A F(x) = φ.
Setting G(x) = Y \ F(x), we have Y =⋃x∈A G(x).
It is easy to see that G(x) is a compactly closed subset of Y . By Lemma 4.1, for each
finite subset N = {y0, . . . , yn} ∈ 〈X〉, there exists subset {i0, . . . , ik} ⊂ {0, . . . , n} (0 
k  n) such that
ϕN(∆n) ∩
(
k⋂
j=0
G(xij )
)
= φ. (4)
On the other hand, since F is a generalized R-KKM mapping, for A = {x0, . . . , xn} ∈ 〈X〉
there exists N = {y0, . . . , yn} such that ϕN(∆k) ⊂⋃kj=0 F(xij ) = Y \⋂kj=0 G(xij ) for all
subsets {i0, . . . , ik} ⊂ {0, . . . , n}.This contradicts to (4). This completes the proof. 
From Lemma 4.2 and Proposition 2.1, we have the following
Lemma 4.3. Let X be a topological spaces, Y be a topological spaces with property (H),
and F :X → 2Y be a compactly open values mapping. Suppose that S ∈ C(X,Y ) such
that the mapping F˜ :X → 2X defined by F˜ (x) = S−1F(x) is generalized R-KKM. Then
{F(x); x ∈ X} has finite intersection property.
Theorem 4.1. Let X be a topological space with property (H), Y be a topological space
and S ∈ C(X,Y ). Suppose that F :X → 2Y is compactly closed values. If there exists
380 J. Huang / J. Math. Anal. Appl. 312 (2005) 374–382N = {x0, . . . , xn} ∈ 〈X〉 such that Y =⋃ni=0 F(xi), then there exists A = {xi0, . . . , xik } ⊂{x0, . . . , xn} such that
S
(
ϕA(∆k)
)∩
(
k⋂
j=0
Mij
)
= φ. (5)
Proof. If (5) is not true, then for each A = {xi0, . . . , xik } ⊂ {x0, . . . , xn} (0  k  n), we
have S(ϕA(∆k)) ∩ (⋂kj=0 Mij ) = φ, and so S(ϕA(∆k)) ⊂ Y \⋂kj=0 F(xij ) =⋃kj=0(Y \
F(xij )). Hence,
ϕA(∆k) ⊂
k⋃
j=0
S−1
(
Y \ F(xij )
)
. (6)
Define F˜ :N → 2X by F˜ (xi) = S−1(Y \F(x)). Then (6) implies that F˜ is a generalized
R-KKM mapping. By Lemma 4.3, we have
⋂n
i=0(Y \F(x)) = φ. Thus, Y \
⋃n
i=0 F(x) = φ
which contradicts to Y =⋃ni=0 F(x). Therefore, (5) is true. The proof is completed. 
Remark 4.1. Theorem 4.1 extends some results of Park [8].
5. Coincidence theorems for generalized R-KKM mapping
As applications of the theorems in Sections 3 and 4, we establish some new coincidence
theorems which play important role in nonlinear analysis.
Theorem 5.1. Let X be a topological space with property (H), D be a nonempty subset
of X, Y be a topological space and S ∈ C(X,Y ). Suppose that F,G :D → 2Y are two
set-valued mappings satisfying the following conditions:
(i) F is transfer compactly open values;
(ii) for each x ∈ X, G−1S(x) is R-convex subset respect to F−1S(x);
(iii) there exist an R-compact subset L of X and a compact subset K of Y such that
(cintF)−1(y) = φ for all y ∈ ¯S(x) ∩ K , where cintF :D → 2Y is defined by
(cintF)(x) = cintF(x) for all x ∈ D;
(iv) for each N = {x0, . . . , xn} ∈ 〈D〉,
(cintF)−1
(
S(x)
)∩ LN ∩ D = φ for x ∈ LN \ S−1(K), (7)
where LN is a compact weak R-convex subset of X including L ∪ N .
Then, there exists x¯ ∈ D such that S(x¯) ∈ G(x¯).
Proof. From condition (iii), it is easy to see that S(X) ∩ K ⊂ ⋃x∈D cintF(x). Since
S(X) ∩ K is compact. It follows that there exists N = {x0, . . . , xn} ∈ 〈D〉 such that
S(X) ∩ K ⊂
⋃
cintF(x). (8)
x∈N
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R-convex subset LN which includes L ∪ N . We now show that
LN ⊂ S−1 cintF(LN ∩ D). (9)
In fact, for each x ∈ LN , if x ∈ S−1(K), then S(x) ∈ K . It follows from (8) that S(x) ⊂
cintF(LN ∩ D). If x∈¯S−1(K), by (7),
(cintF)−1
(
S(x)
)∩ LN ∩ D = φ, (10)
and so S(x) ∈ cintF(LN ∩ D). Hence (9) is true.
Since LN ∩D is compact space, it is easy to see that LN ∩D has property (H). We now
define F˜ :LN ∩ D → 2X by F˜ := S−1 cintF(x) ∩ LN for all x ∈ LN ∩ D. It is clear that
(1) for all x ∈ LN ∩ D, F˜ (x) is a open subset of LN ;
(2) F˜ (LN ∩ D) = LN .
By Theorem 3.1, there exists finite subset M = {y0, . . . , ym} ∈ 〈LN ∩D〉 and x¯ ∈ ϕM(∆m)
such that x¯ ∈ ⋂mi=0 F˜ (yi) ⊂ ⋂mi=0 S−1 cintF(yi). From (ii), x¯ ∈ ϕM(∆m) ⊂ G−1S(x¯).
Thus, S(x¯) ∈ G(x¯). This completes the proof. 
Theorem 5.2. Let X be a topological space with property (H), Y be a topological space
and S ∈ C(X,Y ). Suppose that F,G :X → 2Y are two set-valued mappings satisfying the
following conditions:
(i) for each x ∈ X, F(x) is compactly closed values;
(ii) for each x ∈ X, G−1S(x) is R-convex subset respect to F−1S(x);
(iii) there exists N ∈ 〈X〉 such that⋃x∈N F(x) = Y .
Then there exists x¯ ∈ X such that S(x¯) ∈ G(x¯).
Proof. From conditions (i) and (iii), we can see that all conditions of Theorem 4.1 are
satisfied and so there exist a subset A = {xi0, . . . , xik } ⊂ N and x¯ ∈ ϕA(∆k) such that
S(x¯) ∈ ⋂kj=0 F(xij ), and so A ⊂ F−1S(x¯). It follows from the condition (ii) that x¯ ∈
ϕA(∆k) ⊂ G−1S(x¯), and therefore S(x¯) ∈ G(x¯). This completes the proof. 
Remark 5.1. Theorems 5.1 and 5.2 extend some results of Ding [3], and Ko and Tan [7].
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